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Different time regimes of tracer exchange in single-file systems

Sergey Vasenkov and Jo¨rg Kärger*
Fakultät für Physik and Geowissenschaften, Universita¨t Leipzig, Linne´strasse 5, D-04103 Leipzig, Germany
~Received 13 December 2001; revised manuscript received 26 August 2002; published 19 November 2002!

A complete description of the time dependence of tracer exchange in single-file systems is given. It is based
on the combined application of dynamic Monte Carlo simulations and analytical calculations. Depending on
the time elapsed, the tracer exchange is found to have different time scaling related to transport modes of either
normal diffusion or single-file diffusion. The mode of single-file diffusion is reproduced by recent tracer
exchange experiments conducted by laser-polarized129Xe NMR spectroscopy.
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INTRODUCTION

Stimulated by the advent of zeolites with pore syste
consisting of an array of parallel channels of molecular
mensions@1–3#, the investigation of single-file diffusion
i.e., of one-dimensional random walk with the exclusion
mutual particle passages, has become a hot topic of fu
mental and applied research@4–18#. As a particularly in-
triguing feature, particle exchange between the interior of
single-file system and its surroundings could not be ba
anymore on the familiar concept of normal diffusion@19–
21#. Therefore, e.g., in the case of catalysis with single-
systems@3,13,15–17#, the traditional Thiele concept of cor
relating transport and reaction@20,21# has to be abandoned
The establishment of a comprehensive theory correla
transport and reaction in single-file systems requires c
plete knowledge of the kinetics of molecular exchange w
the surroundings. So far, in the literature the diffusion
finite single-file systems under equilibrium with the su
roundings has been represented in terms of both normal
fusion @9–11# and single-file diffusion@3,18#. In this paper,
we report a comprehensive description of the kinetics of m
lecular exchange, i.e., of the tracer exchange curves, g
erned by these different diffusion regimes, including all sp
cial cases.

SIMULATION RESULTS

Dynamic Monte Carlo~DMC! simulations were per-
formed as described in Refs.@3,9#. At the beginning of a
simulation run, the sites of the single-file system are stat
cally occupied with the probabilityu. The particles are al-
lowed to perform jump attempts toward one of the adjac
sites. They are successful if this site is vacant. Jump attem
from the marginal sites are always successful if the jumps
directed outside the system and lead to desorption. Ads
tion into the marginal sites occurs at such a rate that
mean occupancy probabilityu remains constant. The poten
tial barriers for desorption from the marginal sites in zeoli
are usually larger than those for site-to-site hopping. In fa
for sufficiently short single-file systems, tracer exchan
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may therefore be controlled by the finite exchange rate w
the surroundings rather than by intracrystalline diffusi
@9–11#. However, the site number of real zeolite channels
typically by orders of magnitude larger than considered
the present simulations so that, for the sake of simplicity, a
difference between the potential barriers for desorption
site-to-site hopping may be neglected. The exchange exp
ment starts by implying that from now on only tagged pa
ticles enter the file. As an example, Fig. 1 presents the c
centration profilesq(x,t) of tagged molecules at fou
subsequent timest i . *x50

L q(x,t)dx yields the total amount
Q(t) of tagged molecules at timet, where the integral stand
for the sum overL5150, 300, or 600 sites of the single-fil
system. The ratioQ(t)/Q(`) is referred to as the tracer ex
change curveg(t). Figure 2 summarizes the results of e
tensive DMC simulations of tracer exchange in files
lengthL5150, 300, and 600 for the occupation probabiliti
u50.25, 0.50, 0.75, and 0.90. For convenience of prese
tion, we plotted the productg(t)L rather than the tracer ex
change curveg(t) itself. g(t)L denotes the mean number o
tagged particles at timet divided by the occupation probabil
ity u. In this way, instead of yielding different curves for an
pairs L and u, the exchange behavior is represented by
much smaller number of master plots. The coincidence of
curves for a givenu for different values ofL in Fig. 2 is
clearly a consequence of the fact that the time intervals c
sidered are small enough so that there is no correlation

:
e

FIG. 1. Comparison of the concentration profiles of tagged p
ticles obtained by MDC simulations for tracer exchange in sing
file systems of lengthL5300 ~oscillating solid lines! with the con-
centration profiles for normal diffusion withD (iii ) andL* given in
Table I ~solid lines! at times:t150.9331063t, t252.131063t,
t353.731063t, and t457.631063t ~t is the duration of the el-
ementary diffusion step!.
©2002 The American Physical Society01-1
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tween the tracer exchange on the two file margins. This is
situation considered in the time regimes~i! and ~ii ! in the
following analytical treatment.

ANALYTICAL CONSIDERATIONS

The numerical data of Fig. 2 scale witht1/2 at short times
and approach at1/4 dependence at longer times. In th
double-logarithmic representation, these dependences c
spond to straight lines with slopes1

2 and 1
4, respectively. We

shall refer to them as the time regimes of single-particle
fusion ~i! and single-file diffusion~ii !. In a third regime,
appearing in Fig. 2 only in its initial state foru50.50, the
center-of-mass diffusion~iii ! becomes dominant.

~i! In the regime of single-particle diffusion,g(t)L scales
with t1/2 for all values ofL andu. It is a consequence of th
fact that particle desorption from the marginal sites is
correlated with the movements of the other particles. T
spread of particle correlation is limited, therefore, by the d
tance to the nearest margin, in pronounced contrast to sin
file diffusion, where the correlations continuously spread
with time. Thus, it is not unexpected that tracer exchang
initially controlled by single-particle diffusion at the ma
gins. Hence, the short-time approach

g~ i!~ t !5
4

L
ADt/p ~1!

of diffusion-limited tracer exchange@22# is in fact found to
comply with the initial part of the tracer exchange curve. F
eachu, least-squares fits yield diffusivitiesD (i) in the inter-
val 0.43D0<D (i)<0.63D0 ~with the free-particle diffusiv-
ity D05 l 2/2t), independent ofL.

~ii ! With increasing time the tracer exchange curve is p
gressively stronger, governed by the transport of more dis
particles to the margins. Mutual interactions between the
ticles experienced on the way to the marginal sites lead
deviations from the mechanism of single-particle diffusi
and thus to the onset of a time regime, which is governed
single-file diffusion. In this regime, as in regime~i!, the total
file length is still much larger than the distance@g(t)L# over

FIG. 2. The normalized tracer exchange curves in single-
systems obtained by DMC simulations for differentL and u
~points!. The dashed and solid lines show the best fit lines fou
50.5 with the slops of12 and 1

4 expected for the mechanism o
normal and of single-file diffusion, respectively, in the limit of sho
times.
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which the tagged molecules have penetrated into the sin
file system. Hence, their distance distribution remains in
pendent ofL. A lower limit for the crossover time betwee
the regimes~i! and~ii ! is given by that from mean-field dif-
fusion to single-file diffusiontc51/(pD0u2) @10#. The ac-
tual crossover time between the regimes~i! and~ii ! is found
to be larger by a factor less than or equal, 2 which cor
sponds to the fact that at any time desorption from the m
ginal sites is not correlated with the movements of the ot
particles.

We approach this case analytically by assuming that
evolution of the particle arrangement near the margin o
finite single-file system may be modeled by that in an in
nitely extended single-file system, the reference system
which any untagged particle passing a certain point from
~the external! side is converted into a tagged one. The po
tion of the conversion marks the margin of the finite sing
file system. Transferring the problem of tracer exchange
the margin of a finite file to molecular propagation in a sing
file of infinite extension leads to the great advantage t
now the propagator is known. As in the case of normal d
fusion, the propagator is given by a Gaussian, however w
the important difference that the mean square displacem
^x2(t)& scales witht1/2 rather than witht @23#. This equiva-
lence means in particular that the probability of particle d
tribution in single-file systems evolves exactly the same w
as in the case of normal diffusion, if only the mean squ
displacement is used as an evolution parameter. Equation~1!
may be rewritten, therefore, as

g~ ii !~ t !5
1

L
A8/p^x2~ t !& ~2!

to include simultaneously the cases of normal and single
diffusion. In the following, we will show that Eq.~2! is in
surprisingly good agreement with the exact results deri
analytically for single-file diffusion. The procedure is illus
trated by Fig. 3. It shows by way of an example, the evo
tion of the positions of eight adjacent particles in the ref
ence system close to the positionx50, which represents the
margin of the finite single-file system. The first four colum
represent consecutive desorption of particles 5, 4, and
which is followed by adsorption of the labeled particles 3
7. In contrast to diffusion-limited tracer exchange, t
knowledge of the position of the labeled particle with t
largest distance from the margin alone is sufficient to de
mine the number of labeled particles in each particu
single-file channel~Fig. 3!. This is a consequence of the fa
that under the considered boundary conditions no mixture
labeled and unlabeled particles is possible. Hence, the p
uct g(t)L is given by the mean distance between the marg
and the tagged molecules with the most remote position fr
the margin in each channel of the single-file system. In or
to calculate this length, we have to determine the probab
~density! P(x0 ,xf ,t) that a particle, which starts atx0 and
during 0̄ t touches the conversion pointx50, finally gets
to xf at timet. It is this quantity (2)xf , which represents the

e
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length of the section of the single-file system, which is o
cupied by tagged particles at timet. Hence, the tracer ex
change curve results as

g~ ii !~ t !5
2

L E
x052`

0 E
xf52`

0

P~x0 ,xf ,t !~2xf !dxfdx0 .

~3!

For further calculation, it is sufficient to preserve the a
sumption that the probability~density! P(x,t) of particle dis-
placement in the considered finite single-file system~the
‘‘propagator’’! is equal to that in the infinitely extended re
erence system forx,0. In doing so, we clearly do not mak
any assumptions about the evolution of the particle arran
ment on ‘‘the external’’ side of the system (x.0). The prob-
ability density that a particle starting atx0 gets toxf by time
t, if at x50 there is an absorbing boundary, is equal to~see
Ref. @20#!

Pabs~x0 ,xf ,t !5P~xf2x0 ,t !2P~2xf2x0 ,t !, ~4!

where we have again benefited from the fact that the pro
gation probability in the infinite single-file system follow
the pattern of normal diffusion~i.e., of a single-particle Mar-
kov process! if it is considered to evolve inAt rather than in
t. The probability~density! under the influence of an adsorb
ing wall may be correlated with the above introduced pro
ability ~density! P(x0 ,xf ,t) in the following way. Let us
consider the probabilityP(x0 ,xf ,t)dxf that the most distan
point of the trajectory of a particle, which starts atx0 and
ends atxf , is in the interval 0̄ dx. This probability has
obviously to coincide with the increase in the probabil
finding a particle starting atx0 and ending atxf , if an ad-
sorbing boundary is shifted fromx50 to x5dx. P(x0 ,xf ,t)

FIG. 3. Evolution of tracer exchange in a finite single-file sy
tem close to its boundary~lower part!, represented by an infinite
single-file system by assuming that molecules passingx50 from
above become tagged~indicated in bold!. The numbers indicate the
positions of eight adjacent particles in the~infinitely extended ref-
erence! system.
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is thus found to be the spatial derivative ofPabs(x0 ,xf ,t).
Since the shift bydx of the origin affectsx0 and xf in the
same way, with Eq.~4! the derivative of the first term on th
right hand side vanishes, while the second term is doubl

P~x0 ,xf ,t !52
dP

dx0
~x5x01xf ,t !52

dP

dxf
~x5x01xf ,t !.

~5!

Inserting Eq.~5! into Eq. ~3! yields

g~ ii !~ t !5
4

L E
x52`

0

~2x!P~x,t !dx5
1

L
A8/p^x2~ t !&,

which is in fact identical with Eq.~2!. Making use of the
Gaussian shape of the propagator and the analytical exp
sion @23,24#

^x2~ t !&52FAt5
12u

u
A2/ptAt ~6!

for the mean square displacement in the case of single
diffusion, we finally obtain

g~ ii !5
4

L S FAt

p D 1/2

. ~7!

The time dependenceg(t)}t1/4, as suggested by the respe
tive parts of the simulation curves of tracer exchange, is t
confirmed by the analytical treatment. Since the above c
sidered model ignores the existence of the time regime~i!
Eqs. ~6! and ~7! cannot be expected to fully reproduce th
proportionality factors betweeng(t) and t1/4. The values of
F from the best fit to the simulation data of Fig. 2 were
about one order of magnitude larger than those calcula
using Eq.~6!.

~iii ! For further enhanced observation times, the mole
lar displacements are progressively stronger dominated
diffusive movement of the whole file~the center-of-gravity
diffusion! @8–10#. In the limit of fast exchange between th
marginal sites and the surroundings, the corresponding d
sion coefficient has been determined to be@8,10#

D5
~12u!D0

Lu
. ~8!

Tracer exchange under diffusion control is given by the
lation @19#

gdiff~ t !512
8

p2 (
n50

n5`
1

~2n11!2 expS 2~2n11!2p2Dt

l 2L2 D ,

~9!

and the productg(t)L ceases to be invariant with the fil
length.

Included in Fig. 1 are also the concentration profiles, o
tained by assuming that~a! the tracer exchange in the inne
part of lengthL* is governed by diffusion, and~b! the mar-
ginal parts of the file are instantaneously filled with tagg

-
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particles. For all considered cases, in this way the concep
of diffusion-controlled tracer exchange@19#

q~x,t !

q1
512

4

p (
n50

n5`
~21!n

2n11 Fcos
~2n11!p~x2L* /2!

L* G
3expS 2~2n11!2p2Dt

L* 2 D ~10!

yielded a satisfactory analytical expression of the simula
profiles. Table I shows the relation between the diffusivit
of the best fit (D (iii) ) and the values following from Eq.~8!
as well as the relation betweenL* and L. Taking into ac-
count that, in the considered time regime, molecular
change in the marginal parts of the system~of total length
L2L* ) already has been completed, the tracer excha
curve may be noted as

TABLE I. Relations between the results of the best fitD (iii ) and
L* and the center-of-mass diffusivityD and file lengthL in the final
time domain of tracer exchange~controlled by center-of-mass dif
fusion!.

L D (iii ) /D L* /L

150 1.51 0.83
300 1.49 0.87
600 1.8 0.92
.

, J

,

.
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g~ iii !~ t !5
L2L*

L
1

L*

L
gdiff~ t !, ~11!

with the values ofL* andD (iii) as given in Table I.
Though a detailed, quantitative explanation of the cor

lations between the analytical and fitting parameters repo
in this paper is still lacking, the time scaling of tracer e
change in all time regimes of tracer exchange in finite sing
file systems could be satisfactorily reproduced by analyt
considerations. The validation of the different regimes
tracer exchange kinetics in real nature is one of the cur
challenges of the experimental research. To our knowled
the only detailed experimental investigation of particle e
change in single-file systems has been carried out with la
polarized129Xe NMR spectroscopy@18#. The observed ex-
change pattern complies with the time regime~ii ! of single-
file diffusion. Finding examples for the entity of patterns a
their mutual transitions remains an attractive task of fut
experimental work.
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